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Abstract 

We show that, contrary to a widespread belief, one can overcharge a 
near extremal Reissner-Nordstrom black hole by throwing in a charged 
particle, as long as the backreaction effects may be considered negli¬ 
gible. Furthermore, we find that we can make the particle’s classical 
radius, mass, and charge, as well as the relative size of the backreaction 
terms arbitrarily small, by adjusting the parameters corresponding to 
the particle appropriately. This suggests that the question of cosmic 
censorship is still not wholly resolved even in this simple scenario. We 
contrast this with attempting to overcharge a black hole with a charged 
imploding shell, where we find that cosmic censorship is upheld. We 
also briefly comment on a number of possible extensions. 
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1 Introduction 


The question of cosmic censorship remains one of the most important open 
questions in classical general relativity. Since Penrose proposed the idea 
in 1969 |l|, numerous papers have been produced addressing the question 
of whether the cosmic censorship conjecture holds or not. We shall not 
attempt to review those developments here; for some of the recent reviews 
and lists of references, see e.g. |^], [^, Q. Rather, we will consider a specific 
attempt to violate cosmic censorship. To that end, we will first give a brief 
discussion of what the conjecture implies in this context and therefore what 
might constitute providing a counter-example to it. 

The basic idea of cosmic censorship is roughly as follows: Starting from 
regular, generic initial conditions, and evolving the system using classical 
general relativity, we cannot obtain a singularity which can be observed 
from “far away” (or more precisely, from the future null infinity) .|^ On 
the other hand, we know from the singularity theorems that singularities 
are a rather generic occurrence in general relativity. For instance, we can 
obtain a singularity from regular and generic initial data (with “reasonable” 
properties, such as the energy condition) just by concentrating a sufficient 
amount of matter into a given compact region of space. The statement of 
cosmic censorship then implies that one cannot destroy a black hole (i.e. its 
horizon) just by throwing in more “reasonable” matter. We will attempt to 
test the validity of this statement by considering a particular example. 

In his seminal paper, Wald Q attempted to destroy a Kerr-Newman 
black hole by throwing in particles which “supersaturate” extremality (i.e. 
which, when captured by the black hole, would violate the bound > 
Q'^ + a'^, where M is the mass, Q the charge, and a the angular momentum 
per unit mass of the resulting configuration). The Kerr-Newman metric 
with such a bound violated does not possess an event horizon, and there¬ 
fore describes a naked singularity. Wald presented gedanken experiments 
of an extremal black hole capturing particles with high charge and angular 
momentum to mass ratio. However, he found that precisely those particles 
which would exceed extremality will not be captured by the black hole. 

In the spirit of |^], we present a mechanism whereby a black hole does 
“capture” a particle such that the parameters of the final configuration cor¬ 
respond to a naked singularity. The crucial difference between our set-up 

^ This is referred to as the “weak” cosmic censorship. The “strong” version drops the 
“far away” proviso, namely, it asserts that we cannot evolve to a timelike singularity. In 
the following, we will consider just the “weak” version. 
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and that of |^] is that we are starting with a black hole arbitrarily close to, 
bnt not exactly at, extremality. 

While onr calculation of the “test” process (i.e. neglecting backreaction 
effects) unequivocally indicates that the particle falls into the singularity 
and overcharges the black hole, the implications about cosmic censorship 
cannot be easily assessed without first estimating the backreaction effects. 
We attempt to do so in this paper. Although we find these to be small, a 
definite conclusion with regards to cosmic censorship is not yet at hand. 

We contrast this situation with that of attempting to overcharge a black 
hole with an imploding charged shell. In such a case of exact spherical 
symmetry, we can determine the equation of motion exactly-i.e. we do not 
need to consider further backreaction effects or be confined to just “test” 
processes. However, we find that in this case the self-repulsion of the shell 
prevents it from collapsing past the horizon of the black hole. 

The outline of this paper is as follows; In section |2| we describe the 
basic idea for overcharging a black hole. In section we discuss the ac¬ 
tual mechanism, and provide a numerical example. Section ^ is devoted to 
the discussion of the simpler case of an imploding charged shell. Various 
extensions and other examples of potential cosmic censorship violation are 
presented in section and we discuss and summarize our results in section 

I 


2 Basic Idea 

The basic general idea for “overcharging” a black hole is the following: We 
start with a near-extremal Reissner-Nordstrom black hole with charge Q and 
mass M. The goal is to send in (radially) a charged particle with charge q, 
rest mass m, and energy E, such that m<E<q<^Q< M, satisfying the 
following conditions: 

1. The particle falls past the radial coordinate, r_|_, corresponding to the 
initial horizon of the black hole. 

2. The final configuration exceeds extremality, Q + q > M + E. 

3. The particle may be treated as a test particle; that is, the “backreac¬ 
tion” effects are negligible. 

(Whereas conditions 1. and 2. would in principle suffice to overcharge a black 
hole, condition 3. renders our calculations meaningful and feasible.) 
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Then, after the completion of such a process, the solution should ap¬ 
proach a spacetime described by Reissner-Nordstrom metric with Mfinai < 
M + E<Q + q = Qfinah which corresponds to a naked singularity rather 
than a black hole.0 In such a case, our process seems to “destroy the horizon 
of a black hole”, in violation of cosmic censorship. 

It has long been known (|§,@|,|@]) that one cannot destroy a black hole 
using this process in a quasistationary manner, that is, by allowing the black 
hole mass and charge to change just by infinitesimal amounts. Namely, if 
one considers strictly test processes, to overcharge a black hole, one must 
first reach extremality. But once extremality is reached, any further changes 
would at best maintain it. The crucial point here is that in our process, the 
change in black hole’s parameters is finite (albeit small), so that we are not 
constrained to starting with an extremal black hole in order to overcharge 
it. 


3 The Mechanism 

In this section we discuss how well we can satisfy conditions 1.-3. Namely, 
for a suitable choice of parameters (M, Q) corresponding to the black hole, 
we wish to find the parameters (m, E, q) describing the particle which satisfy 
all three conditions. The specification of these 5 parameters determines the 
motion of the particle. 

We proceed in two steps. If we can find parameters which satisfy all 
three conditions, then in particular, the particle’s motion will be described 
arbitrarily well by the test charge equation of motion. Hence we can show 
that conditions 1. and 2. hold (for a suitable choice of parameters) using the 
test particle approximation (i.e. assuming condition 3.), and then attempt to 
show the self-consistency of the approach by arguing that the backreaction 
effects can be arbitrarily small. 

Such calculation however still does not suffice to argue that all three 
conditions are satisfied simultaneously, due to the perhaps somewhat subtle 
reason that a small change in the equation of motion can produce large 
changes in the trajectory. In fact, we will see that even though the test 
approximation leads to conditions 1. and 2. being fulfilled and condition 3. 
is satisfied to a desired degree of accuracy, using a better approximation 
to the particle equation of motion leaves the fulfilment of condition 1. in 

^ We write Mflnai < M + E in order to include the possibility that some of the mass is 
carried away by gravitational radiation before the system settles down to its hnal state. 
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question. 

Nevertheless, studying conditions 1. and 2. separately may be of some 
interest on its own. Although as pointed out in the Introduction, we cannot 
make claims about real cosmic censorship violation without taking backre- 
action into account, the “test” analysis will serve to provide a comparison 
with earlier works such as |^, and will be used as a springboard for the 
analysis of the backreaction effects. 

3.1 Motion of a test charge 

We consider the motion of a test particle of charge g, mass m, and four- 
velocity in a fixed background Reissner-Nordstrom spacetime with pa¬ 
rameters M and Q, and an electrostatic potential Aa- In the ingoing Ed¬ 
dington coordinates, {v,r,9,ip), the Reissner-Nordstrom metric is 

ds^ =—g{r)dv‘^+ 2dvdr+ r‘^ (Ki^ (1) 

where dVL^ = dO"^ + s\.v?9dip^ and g{r) = 1 — ^ For Q < M, the 

metric describes a black hole with charge Q and mass M. In this case we can 
write g{r) = event and Cauchy horizon given by r± = 

M ± a /AP — Q'^. Hence r- < Q < M < r^. Extremality corresponds to 
Q = M, whereas for Q > M, we have a naked singularity. The electrostatic 
potential Aa has the only nonvanishing component Ay{r) = — 

The equation of motion for a test charge is given by 

u^VaU^ = -F\u^ ( 2 ) 

m 

with Fab = 2V[aAfe]. For radial trajectories, we can write = v -|- 

r (^) where ' = ^ and r is the affine parameter along the worldline. 

Since is a Killing field, the particle’s “energy”, E = — {mua + 

qAa) = m [g{r)v — r] — qA^ is a constant of motion along the particle’s 
worldline. The particle follows a timelike trajectory, so that — 1 = u°'Ua = 
—g{r) iP' A 2vf = qAy)v + vr. Eliminating v from these expressions 

and solving for r, we obtain the radial equation of motion in a particularly 
useful form: 

P =-^[E + qAair)f - g{r). (3) 

Since r = 0 corresponds to a turning point, the particle “falls in” if 
never vanishes outside the horizon, 

> 0 V r > r+. (4) 
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Thus, if we find suitable parameters m, E, and q, such that eq.(^) is satisfied, 
then condition 1. will hold. Since g{r) is positive outside the horizon, eqs. 
(^) and imply that [E + qA^ir)]"^ > m? g{r) >0 V r > r+. This 
imposes the necessary condition on the energy: E > —qAy{r) = (Note 
that this relation also follows from the above definition of the energy, since 
g{r) V — r > 0 initially.) We can simplify this condition by noting that 
—qAy{r) attains its maximal value at r = r+. Replacing r with r_|_ above, 
we have 


E > 


r+ ' 


(5) 


Condition 1. thus provides a lower bound on E. On the other hand, condition 
2. provides an upper bound: 


E Q q — M. 


( 6 ) 


Thus, in order to find E satisfying both conditions, q must satisfy the in¬ 
equality ^ < Q + q — M, or 


q>r+ 


( M-Q \ 

\r+-Q) 


r+-Q 

2 


(7) 


Note that for a non-extremal black hole, we can always find sufficiently 
large q such that there exists a finite range of allowed energies E. Further¬ 
more, the allowed range of admissible E^s grows linearly with q. On the 
other hand, if we start with an extremal black hole, Q = M = r_|_, then we 
obtain E > q from eq.(||), and E < q from eq.(|^, which means that condi¬ 
tions 1. and 2. cannot be satisfied simultaneously—i.e. we cannot overcharge 
an extremal black hole. 

The above choice of q and E automatically ensures that condition 2. is 
satisfied. To address condition 1., we must return to eq.(^). Since g{r) is 
bounded and [E + qAy(r)]‘^ > 0 V r > r_|_, we can always find m such that 
> 0. In particular, we must pick m < {E — qQjr)jg{r) V r > r_|_. 
Analytically, the RHS attains its minimum at 


— Q 


fMq-QE\ 

[qq-MEj 


> r+, 


( 8 ) 


where the inequality follows from eq.(|5|). Upon substitution, we find that m 
must satisfy the bound 


m < Qf 


-E^ + 2^Eq - 
^ M2 - Q2 ■ 


(9) 
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Note that the positivity of the radical follows automatically from the above 
conditions: 


n M n 

-E^ + 2—Eq -q^ = 2Eq 


M 


-l]-{q-Ef 


>{M- Qf 


2r4 


Q 

M-Q 
(r+ - g)2 


-1 


= 0 . 


( 10 ) 


This choice of m ensures that eq.(Q) holds. 

To summarize, given the background spacetime with parameters {Q, M), 
we can satisfy conditions 1. and 2. by choosing the parameters m, E, and q 
as follows: 


1. Pick q which satisfies eq.(^ with the given values of Q and M. 

2. Select E satisfying eqs. (© and (|) with the chosen q, Q, and M. 

3. Finally, choose m according to eq. using the other parameters. 

This prescription guarantees that if the particle follows the test charge equa¬ 
tion of motion (as dictated by condition 3.), then it falls past the horizon 
and “overcharges” the black hole. Also note that the parameters necessary 
for this process are not too restricted: q is bounded only from below, the 
range of allowed values of E grows linearly with q, and m is bounded only 
from above. Although condition 3. will restrict these parameters further, 
their “generic” nature will be preserved. 

It may be of interest to consider what happens to the particle after 
it crosses the horizon.^ In particular, does it fall into the singularity, or 
does it “bounce” and reemerge from the “horizon” (possibly into another 
asymptotically flat region of the spacetime)? In order for the particle to 
fall to r = 0, it must satisfy r(r) < 0 Vr, and in particular, f^(rm) > 0 
with Vm denoting the minimum of In the above construction we only 

required r^(r) >0 Vr > r_|_. However, eq. (^ implies that {e — could 
only vanish at radius tq > Q > r_. For tq < r+ we then have ^(ro) < 0, 
i.e. r^(ro) > 0, whereas rg > r+ corresponds to the case discussed above. In 
either situation, eq.(P) then guarantees that r^ > 0 Vr, which means that 

® Of course, as will be discussed below, we expect the backreaction effects to take over 
sufficiently close to the singularity, so the actual behavior may be very different from that 
predicted by the test equation of motion. 
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once the particle passes the horizon, it also falls into the singnlarity. To see 
this more clearly, it will be convenient to rewrite eq.(^) as 


J r \M m? J \m? 


( 11 ) 


The minimum is attained at 


rm 






( 12 ) 


with the corresponding value 


r (rm) =1^-1 


-1 




Eq 1 /M 




2\Q 


+ 1 


(13) 

Eq.(l9t) then dictates that r‘^{rm) > 0. 

We also note in passing that the conclusion reached above about extremal 
black holes becomes even more transparent in this formulation: for Q = M, 
and f^(rm) < 0 since the second term on RHS of eq. ( 0 ) vanishes. 
Hence, the test charge equation of motion dictates that with a suitable 
choice of parameters, the particle not only passes the initial horizon of the 
black hole, but also that it crashes into the singularity at r = 0. If this 
were indeed an accurate description of the actual process, then it would be 
difficult to see how the cosmic censorship could survive. 


3.2 Backreaction effects 

The proposed mechanism for overcharging a black hole can only be valid 
if we can trust our conclusions, in particular, if the use of the test charge 
equation of motion for our particle is justified. It has been shown (e.g. by |^, 
1^) that in some instances, the “backreation” effects do become important, 
so that the test particle calculation can no longer be trusted. Thus, to check 
whether such effects arise in our case, we have to examine the backreaction. 

In the following, we first present rough plausibility arguments for the 
negligibility of the backreaction effects, followed by a more systematic anal¬ 
ysis. Finding that condition 3. may be fulfilled to an arbitrary degree of 
accuracy, we then reexamine condition 1. using a better approximation to 
the equation of motion. Since a full analysis of the corrected solution in the 
general situation is beyond the scope of this work, we present a numerical 
example in section 
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There are several different meanings of “backreaction”, depending on the 
context. First, the presence of the particle modifies the spacetime metric, so 
that the approximation of the particle moving on a fixed background space- 
time need no longer be valid. As a rough indicator of the magnitude of this 
effect, we may compare the relative sizes of the background electromagnetic 
stress-energy tensor with the electromagnetic stress tensor of the particle; if 
the latter is much smaller than the former, the approximation of the particle 
moving on a fixed background spacetime should be a good one. 

Assuming the particle may be thought of as a uniformly charged ball 
of dust (in particular, that the internal stresses are not significant^, the 
particle’s stress tensor is maximal at its “surface” 


at radius Vq, where \T^^\ 


_F2 ^ 

q 


(S) 


at radius r is 


In contrast, the electromagnetic stress tensor of the black hole 
, 2 


\rpab I 

kbhI 


-^BH 




1 


(The last relation holds only in 
the vicinity of the black hole, but that is the regime we are mainly interested 
in.) Thus, to satisfy \T^^\ <C | 7 b ^|, we need to allow » qM. At the same 
time, we have the obvious requirement that Vq <C M, i.e. the particle must 
be smaller than the black hole in order for us to talk meaningfully of it 
falling into the black hole. Also, to follow the same equation of motion, its 
constituent parts must be subjected to the same background curvature. As 
we will show explicitly below, we can satisfy both conditions for sufficiently 
small q. 

Since there exists a consistent choice of satisfying \/qM rq M, 
and since the equation of motion is independent of this choice of r^, we will 
henceforth treat the particle as moving on a fixed background spacetime. 
Strictly speaking, this argument may not be sufficient to justify neglecting 
this form of backreaction (the reason will become more clear at the end of 
this section); however, further analysis is beyond the scope of this paper. 

In the following, we will concentrate on a somewhat weaker form of 
“backreaction”, involving only a modification of the particle’s equation of 
motion on a fixed background spacetime. (Hence the treatment of this 
latter form of backreaction is contingent upon the negligibility of the former 
effects.) 

To this end, we may use the results obtained recently by Quinn &: 
Wald 1^] (and previously by e.g. |n|, later corrected by [^]), who cal- 


^ We believe that this is a physically reasonable assumption, since we can first consider 
a particle satisfying these conditions, then take the black hole mass to be much bigger 
that the particle mass or charge, and then set the black hole charge Q to be near enough 
to extremality such that our conditions are satisfied. 
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culate the corrections to the test particle equation of motion due to its “self 

2 

field” effects, on a fixed spacetime. Using ^ as a small expansion parameter, 
m derive the corrected equation of motion for a small spherical charged 
body to the leading order; 


a“ = Vfe u° 


= + + ^ F^-u.FbdU^) 

+ 5 ^ {R%u’’ + u-Rbcu’’u^)+^Ub Z^V^\G-r^<=UciT')dT' ( 14 ) 


Here is the background Maxwell tensor (corresponding to the electro¬ 
magnetic field of the black hole, but not the particle’s self-field), is the 
Ricci curvature tensor for the background metric, and {G~ Z is the retarded 
Green’s function for the vector potential in the Lorentz gauge. 

The first term on the RHS corresponds to the test particle limit (cf. 
eq.(||)). The next three terms describe the Abraham-Lorentz radiation 
damping, the following two local curvature terms are present to preserve 
the conformal invariance of the acceleration, and the last term is the “tail 
term”, which arises due to the failure of the Huygen’s principle in curved 

spacetime]^ Note that all the correction terms contain a factor of —. 

2 

Hence we clearly desire to make ^ <C M. We may interpret this phys¬ 
ically as making the “classical radius” of the particle small compared to 

2 

the size of the black hole. (The “classical radius” is defined by rd = 

corresponding to the mass m of a (spherical) particle given entirely by its 

2 2 

electrostatic self-energy, ^.) The condition ^ <C M is then imposed by 

the previous argument; By the positive energy condition, we require the 

electrostatic self-energy of the particle to be smaller than or equal to its 
2 

rest mass, so that ^ < m, or rd < Vq. Hence to satisfy rq <C M, we need 

al = rd M. 

m 

2 

Although we will show explicitly how to make arbitrarily small, we 
can see that a consistent way to choose q and m should exist, based on the 
following heuristic argument; For the test particle approximation, it is clear 
that we need to take q Q. This in turn means that we must start near 
extremality, so that the range of allowed Fi’s is small. As is apparent from 
eqs. (^) and (^, as Q —> M, any allowed E ^ q. Setting Fi ~ g in eq.(^, 

® There are also 0{m) corrections such as the gravitational radiation corrections 
(which treat separately), but since q > m, i.e. ^ > m, we expect these terms to 
be subleading. 
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we see that conditions 1. and 2. then only constrain the ratio i.e. 


> 


m 


'JW) 

\ — Q. 


V r > r+, 



( 15 ) 


■J 

but do not impose any further constraints on We thus expect that if we 
start with the black hole near enough to extremality, so that we can take 
q to be very small, then we will satisfy 9 ^ 'C M. A more careful analysis 
below shows that this is indeed the case (and a numerical example is given 
in section |3.3D . 

However, although the expansion parameter is small, we still need to 
check that the actual correction terms themselves are small. To that end. 


we must consider eq.(14) in greater detail. 

We find that for radial motion in a static potential, the third and fourth 
terms on the RHS of eq.(p^) cancel: Uc Fbd 

Correspondingly, the curvature terms (i.e. fifth and sixth terms) also cancel, 


U u 


+ Rbc u^u^ = 2 Fbc Uc Fm u^) = 0. (16) 


The tail term requires a bit more analysis, since it involves the Green’s 
function, and therefore is a-priori nonlocal. However, since it would not arise 
in a flat background spacetime, and we can set the background curvature 
as small as we need by letting M be large, we expect there to be a regime 
in which the leading order effect is given only in terms of the local physics. 
Indeed, as [1T| point out, for sufficiently small spacetime curvature and slow 


motion of the body, “one would expect the ‘tail term’ to become effectively 
local, since the contributions to the ‘tail term’ arising from portions of the 
orbit distant from the present position of the particle should become negli¬ 
gible.” We will thus assume that the full tail term is roughly bounded by 
its local part; specifically we assume that the full integral is not much larger 
than the largest value of the integrand (multiplied by a unit At to make 
the units comparable). 

The local expression for the Green’s function in curved spacetime may 
be obtained from e.g. []T|. In the current case of vanishing Ricci scalar, 
we may write this local contribution as V[^(G'“)“1‘’ = In terms of 

the Maxwell tensor and the components of the 4-velocity, we can then write 
this, with the actual factors appearing in the equation of motion as 

-^UbU, = f A ^ \ _ r)] , (17) 

m \m J 
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where we have employed the notation /(r) = so f'{r) = %: = 

— Since (gv — f) = {E—^)/m, which is small near the horizon and 0(1} 
further away, and f ~ 0(1/M) at r ~ r_|_ and falls off as r~^, the whole 
term should have at most a contribution ~ near the horizon, which is 
indeed tiny. 

Finally, let us consider the second term, which we will refer to as the 
“radiation damping” term. Based on the above discussion, we expect this 
to provide the dominant correction to the test particle equation of motion. 
We can rewrite the radiation damping in the form 



where g'(r) = ^ = ~ and we may conveniently express v = 

+ g — V^). Again, we expect that the factor y + ~ 0{1/M) 

near the horizon and falls off with r. This will be explicitly confirmed mo¬ 
mentarily. The relative contribution of the radiation damping term to the 

2 

equation of motion will then scale as ~ which may be arbitrarily small, 
as we argued above. 

To summarize, we may write the corrected equation of motion as 

n'’ Vb Ub (I + h(r) + “tail”) (19) 

m 

where h(r) = | ^ {j' ^ g' ■, and the local (dominant) contribution of the 
“tail” is given by eq.(^). We have given heuristic arguments for why we 
expect these two backreaction terms to be subleading, and in fact, arbitrarily 
small. This suggests that we may indeed select the parameters of the particle 
such that they satisfy condition 3. 

We now proceed to a more systematic way of showing explicitly how, in 
the regime where the test approximation fulfills condions 1. and 2., condition 
3. may also be satisfied to any desired degree of accuracy. Namely, we use 
a linearized expansion around the test particle limit. We may normalize 
M = 1 and set Q = 1 — 2e^, treating e as a small parameter.^ Following the 
previous approach we can then reexpress all the other quantities in terms of 
e. The lower bound on q imposed by eq.(^ becomes^ q > e + — O(e^). 

® In fact, e <C 1 is required by conditions 2. and 3. and the condition that we are 
starting with a near-extremal black hole, Q < M. 

^ Although we are quoting the relevant quantities only up to the subleading order, it 
is necessary to keep higher orders for the intermediate calculations. 
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Thus we let q = ae with o > 1 + e. This allows us to find the corresponding 
bounds on E, using eq.(|5|), which yields E > ae — 2ae^ + O(e^), and eq.@, 
which yields E < ae — 2e^. Correspondingly, we let E = ae — 2be‘^ with 
1 < 6 < a(l + e). Finally, from eq.(^) we obtain the upper bound on m: 
m < \/a? — h‘^e - , + O(e^), which allows us to set m = ce with 

c<V^^^il + ^e). 

In summary, to satisfy conditions 1. and 2., we may select the parameters 
of the particle (to the leading order, i.e. for 0 < e ^ 1) as follows: 


M = 1 


(20) 

Q = \-2e^ 


(21) 

q = ae 

with a > 1 

(22) 

E = ae — 2be^ 

with 1 < 6 < o 

(23) 

m = ce 

with c < \/a? — b"^ 

(24) 


We are now in the position to discuss condition 3. more explicitly. First, 
we may check that the effect of the particle on the spacetime metric is 
arbitrarily small near the horizon. In particular, the condition \/qM <C 
Vq M may be achieved by picking, for instance, ~ e^/^. Then the 
particle is small, and its stress energy is also small: Tq/TeH ~ £■ More 
importantly, the classical radius of the particle is small: 


_ a^ 
m c 


(25) 


This means that the expansion used in eq.(^) is a valid one. 

From eqs. (18) and (|T^) we can also estimate the relative sizes of the 
radiation damping term and the bound on the tail term. The radiation 
damping term becomes: 


h{r) 


2 q^ 


3 m 



4a^ 


\/ (E — (? E 


- 2^Jo? - c2 


s + 


2h 


— 


—a + 


— \/ a^ — (? 


r — 1 


(26) 


Although one may worry about the divergence of the term oc in the 
subleading order as r ^ 1, one can check that in fact, at the horizon. 
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r — 1 ~ 2s, so /i is still small: h(r^) = 0(s). Furthermore, the local 
contribution from the “tail” term is 


- qf'iffy -r) = 


2a^ fr-l 


(27) 


which again is small. In fact, even though this appears to be of the same 
order in s as the radiation damping term, far from the black hole, it will be 
subleading since it contains a relative factor of ~ whereas near the black 
hole, it actually becomes This confirms our expectation that the 

radiation damping term provides the dominant correction to the equation 
of motion. 

The e-analysis verifies that not only the expansion parameter, but also 


the “self-field” correction terms themselves in eq.(14) may be taken arbitrar¬ 
ily small. Hence, by letting e ^ 0, condition 3. is satisfied in a self-consistent 
way, to desired accuracy (parameterized by e). However, this still is not a 
sufficient justification for neglecting the backreaction effects in our context, 
because the difference between the equations of motion leading to vastly dif¬ 
ferent outcomes (i.e. particle falling in or bouncing) is also tiny. To see that 
explicitly, we now return to the first two conditions. Although conditions 1. 
and 2. are of course automatically guaranteed to hold in the test approxima¬ 
tion by the construction process, it will be useful to determine the leading 
order in e at which this becomes evident. This will illuminate the reason for 
the condition 1. possibly ceasing to hold in the first-order correction to the 
equation of motion. 

First, using eq.(|^), we have 


r (rm) 


a^-b^-c^ 
a? — 


£ 2-8 


ah 


a? — (? 


e\ 


(28) 


By the conditions on the coefficients a, b, c imposed in eqs.(22),(23),(p^), the 
coefficient of the leading order in s is positive, so that for small s, > 

0. This means that according to the test particle equation of motion, the 
particle falls past the horizon (and in fact, reaches the singularity), so that 
condition 1. is indeed satisfied in this approximation. We also note that the 
particle overcharges the black hole: 


by eq. 


(M + E) -{Q + q) = - 2 ( 6 - 1)£2 < q 
T his reconfirms condition 2. 


( 29 ) 
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We may now see why the test particle equation of motion is not neces¬ 
sarily indicative of the actual motion, despite the fact of the backreaction 
terms being small. Whereas the particle “slows down” to |r(rm)| ~ 
the characteristic size of backreaction is also 0(e), so that the backreaction 
effects may well “destroy” the process. Furthermore, we note that the black 
hole is overcharged by only O(e^), though it does not seem meaningful to 
compare this estimate directly with the other quantities we discussed. 

We can also see how the backreaction could prevent the particle from 
being captured by the black hole from a more physical standpoint: As it 
falls towards the black hole, the particle loses energy to electromagnetic and 
gravitational radiation. We may see this explicitly by evaluating the change 
in energy along the particle’s worldline: for u^'VbU°‘ = ^ Ub (1-|- /i(r)). 


u^VbE = Vb 



{mua + qAa) 


-q h{r) f{r)v{r) (30) 


which is negative, since both the radiation damping and the (full) tail term 

give a positive contribution to h (r), and q, /, and v are all positive. This 
energy loss becomes stronger as the particle approaches the horizon, so that 
near the horizon, the particle may no longer have enough energy to overcome 
the electrostatic repulsion of the black hole. 

To see then whether or not the process survives, we would like to solve 
the corrected equation of motion, namely 




m 


F'^’’ub + 


_ 

3 m? 


Vc(F“^)nb+ “tail” 


(31) 


where again the local contribution to the “tail” is —^ Ub Uc This 

is a rather complicated (integro-)differential equation, so solving it exactly 
is intractable in the present situation. However, working in the regime of 
interest where the correction terms are small, we can achieve considerable 
simplification by using a linearized approximation. 

The derivation of the test equation of motion, eq.(^), depended only on 
the definition of the “energy” and the expression for the 4-velocity of 
the particle, so the calculation is identical in the present case, when E is no 
longer a constant of motion. Hence we can write: 

2 


1 


1^) = ZT 




E{r) - 

r 


- gir)- 


(32) 


We can find E{r) by solving ^ = lu^VbE « —qh{r)f{r)v{r)/f{r) 

(We have neglected the “tail term” contribution, since the above analysis 
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indicated this to be subleading, 
function of r: 

E{r) = E — q 


Integrating, we obtain the energy as a 


h{E)f{r')v{r') , 

1^(01 


(33) 


We now make the linearized approximation to E{r^ by letting h, v, and 
r in the integrand be the expressions used in the test approximation (i.e. 
dependent on the constant E only). 

Although the resulting expression is still too complicated to determine 
its behavior analytically, we may now find the corrected r^(r) numerically. 
However, this constrains us to consider only specific examples, so we cannot 
analyse the general behavior. Such a calculation is discussed in section 

below. We find that in that case, r^(r) does become negative at some 
ro > r_|_, which means that the particle actually “bounces” before reaching 
the horizon, so that the corrected process now fails to destroy the horizon 
of the black hole. 


3.3 Numerical example 


Here we discuss a specific example, obtained by following the method out¬ 
lined in section It will be convenient to choose our mass unit to cor¬ 
respond to the (initial) black hole mass, i.e. we will set M = 1. (All other 
quantities are then treated as dimensionless.) 

Consider a black hole with Q = 0.99999, i.e. M — Q = 10“®. Suppose 
the particle has charge q = 3 x 10“^, mass m = 1.8 x 10“^, and is thrown 
radially inward with energy E = 2.9897 x 10“^. In terms of the e-expansion 
notation used above, we have: e « 0.0022, a ^ 1.34, b ^ 1.03, and c « 0.805. 
(As one may check explicitly, the conditions imposed in eqs. (22)-(24) are 
all satisfied.) We then have the following results; 

First, the test particle equation of motion yields > 0 Vr; in fact, 
^^(^m) ~ 2.36 X 10“®, i.e. the particle is captured by the black hole. (A full 
plot of r^(r) near its minimum is given in Fig.l.) 

Second, the final total mass is Mfinai < M + E = 1.0029897, whereas the 
final total charge is Qgnai = Q + Q = 1.0029900. Thus, the charge of the final 
configuration is greater than the mass, Affinal~Qfinai < —3x 10“’^. Although 
the process does not overcharge the black hole significantly, this was to be 
expected from the fact that we consider only “nearly test” processes. 

Next, consider the relative size of the backreaction; Certainly all the pa¬ 
rameters describing the particle are much smaller than those corresponding 


16 





to the black hole: q,E,m M. Also, if we let the actual radius of the par¬ 
ticle be, say, ~ 0.1, then the corresponding stress energy tensor is small: 

Tq O.OOTbh- More importantly, the classical radius, (i.e. the expansion 

2 

parameter for the self-field corrections), is tiny: ^ ^ 0.005 <C 1. We 

may also check that the relative sizes of the self-field terms are <C 1; the 
maximum attained by the radiation damping is ~ h{r^) ~ 0.0086, while the 
local part of the tail term reaches the maximal value of ~ 0.001. 

Finally, we may compute the actual first order correction to f^(r) as 
given by eqs. (|^ and (^). The corrected r^(r) is plotted in Fig.2. We see 
that now does become negative, indicating that the particle does not fall 
past the horizon. 

Since the first-order estimate of the backreaction effects suggests that 
unlike the test case, the particle actually bounces, one is led to ask what 
happens if we modify the parameters somewhat, in particular what if we 
increase the particle’s initial energy. Since the upper bound on the energy 
was determined by the condition that the particle overcharges the black hole, 
it suffices to require that only the energy the particle has at the horizon, plus 
any additional energy that falls in from the radiation, needs to satisfy the 
given bound. Assuming that some radiation escapes to infinity, the starting 
energy may then be higher. 

To determine whether this relaxation is sufficient to allow the particle 
to fall in, we consider the “best case scenario,” in which all the radiation 
escapes, so that the energy which contributes to the final mass of the black 
hole is just given by the energy the particle has at the horizon. Then we may 
use eq. (^) to determine what energy the particle would have had at infinity. 
Again, to avoid solving an integral equation, we use the approximation 


Eoo = E{r+) + q 


ir+ 


h{r') f {r')v{r') 
\r(r')\ 


dr'. 


(34) 


with the E appearing in r and v being the (constant) energy the particle 
has at the horizon, which we define E{rj^) = Q + q — M. If the particle 
bounces even in this set-up, then backreaction cannot be overcome just by 
throwing in the particle harder. 

Using eq.(34), we find that E^o ~ 0.0122, which is considerably larger 
than the final required energy. Our computations suggest that if this were 
indeed the starting energy, then the particle would fall past the horizon, 
after all. The corresponding plot of f^(r) is shown in Fig.3. (However, given 
the numerical accuracy required for this calculation, one might question the 
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sufficiency of the linearized approximation of the backreaction. In particular, 
the minimum of ~ 6 x 10“® < e^.) Furthermore, if none of the escaped 
radiation contributed to the mass of the black hole, the black hole would 
be (barely) overcharged. However, since most of the lost energy is radiated 
near the horizon, such a constraint does not seem too realistic. Also, the 
first-order approximation which we used is not necessarily reliable near the 
horizon, since ~ which becomes ~ 0(1) at the horizon. 

To summarize, we found that according to the test approximation, the 
particle will be captured by the black hole. This would mean that the 
process overcharges the black hole, leaving cosmic censorship in question. 
The first order correction to the equation of motion indicates that this will no 
longer hold, because the particle will bounce. However, since this conclusion 
depends crucially on the energy loss near the horizon, where the linearized 
approximation may not be valid, and since our further calculation suggests 
that increasing the initial energy of the particle may allow the particle to 
fall past the horizon, we conclude that a more thorough analysis would be 
required to reach a definitive answer. 


4 Imploding Charged Shell 


In the previous section, we saw that even though the backreaction effects 
may be kept arbitrarily small as compared to the “test” case, the size of the 
process we are interested in may be smaller, so that the backreaction could 
easily prevent the process from happening, or at least the final outcome is 
not readily analysable. 

To avoid such complications arising from the backreaction, we are led 
to consider a simpler case in which these effects disappear, namely the case 


of exact spherical symmetry [I3|. Spherically symmetric spacetimes have 
of course been studied extensively in the past (for review of some of the 
studies related to cosmic censorship, see e.g. [^,Q), the main appeal being 
that in such cases, we may use the generalized Birkhoff’s theorem and the 
appropriate matching conditions to determine the dynamics exactly. 

The spherically symmetric analog of an infalling charged particle is an 
imploding charged shell. Note that here we do not need to confine our con¬ 
siderations to “test” shells. Hence in this section, we consider the conditions 
for overcharging a black hole with an imploding shell. 

Pioneering efforts in this direction include [^],[^],|T^. In the special 
case of an imploding charged shell in an otherwise empty spacetime, Q = 
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M = 0, it was shown |16| that the shell can not collapse to form a naked 
singularity. However, to the author’s best knowledge, the more general case 
of a shell imploding onto an already existing black hole has not been fully 
analysed in the context of cosmic censorship. 

Proceeding in parallel to section |3.1| , we denote the shell’s total charge, 
rest mass, and energy by g, m, and E, respectively. The spacetime inside 
the shell will be given by the Reissner-Nordstrom metric, eq. i) , for the 
black hole with g{r) = ginir) = 1 — ^ whereas outside the shell, the 

geometry will be described by eq.(^ with g{r) = goutif) = 1 — -p 

which, for Q + q > M + E corresponds to a “naked singularity” 


(Q+g)^ 


spacetime. The radial coordinate is continuous across the shell; the position 
of the shell will be denoted by R. 

The equation of motion for a charged shell is given by 


\l9in{r) + - \Jgont{r) + (35) 

where R = ^ and for an infalling shell we can again write W as a function 
of r. Solving for R^{r), we obtain (cf. eq.(|Tl|)) 


R^ 



2M 

r 


M m? ) 


E 






— m? 
4Q2 


(36) 


We can also write the equation of motion in a form of eq.(|3|), but with an 
effective potential H®*'®"(r) = + which includes not only the 

electromagnetic interaction with the black hole, but also the electromagnetic 
self-repulsion and the gravitational self-attraction of the shell. (The factor 
of 2 in the denominator of the latter two terms comes from the standard 
“Coulomb” potential of a shell evaluated on the shell itself.) Hence 




1 

m? 


qQ q^ 
r 2r 2r 


gin{r)- 


(37) 


We now show that the conditions imposed on the parameters are not 
mutually consistent. As before, we require that the shell overcharges the 
black hole, M > Q and M + E < Q + q, and also that the parameters of the 
shell satisfy 0 < m < E < q. A shell which falls past the horizon r_|_ of the 
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black hole has R^{r) >0 Vr > r+, which is the necessary (and sufficient) 
condition for creating a naked singularity. There are two physically distinct 
possibilities of how this could be satisfied. 

First, the shell may implode all the way down to the singularity, which 
means B?{r) > 0 Vr and in particular, 

R^{rm) > 0 (38) 

where rm is the coordinate where R? achieves its minimum. Solving = 

0 for rm and writing Ff'irm) in a convenient form, we have: 

• 2 + 2m'^[uj - 2EM - 2{M‘^ - Q^)] _ ^(^ _ ^eM) - 

^ “ {q^ -m‘^)[{q + 2QY -m?] 

(39) 

where, for compactness of notation, we have defined oj = q{q + 2Q). Since 
the denominator is always positive, in order to satisfy eq.(|38|), we must 
find a suitable combination of the parameters (m, E, q, Q, M) such that the 
numerator is positive. Imposing this as a condition on w?, we must have 

(w - 2EM - 2{M^ - Q2))2 _ _ 4eM) - AE^Q^ = 

= 4(M2 - Q 2)(£;2 2EM + (M^ - Q^) - to) > 0. (40) 

However, this is exactly inconsistent with the “overcharging” conditions 
(M>Q and Q + g>M + F;^a;>F;2 + 2EM + (M^ - Q^)), which 
means that eq.(|3^) can not be satisfied with any suitable parameters corre¬ 
sponding to overcharging the black hole. Thus, a naked singularity cannot 
result from a charged shell imploding to the central singularity. 

The second, less stringent, way to create a naked singularity is for the 
shell to implode past the horizon and “bounce”, i.e. R^(rbounce) = 0 with 
^bounce < ^+- this case, even though the shell does not itself crash into the 
singularity, it does destroy the horizon of the black hole, thereby exposing 
the singularity that already exists.^ Since R?‘{r) has only one minimum, it 
is a monotonically increasing function V r > rbounce; and in particular, 

^(r+)>0. (41) 

_ dr 

® It is not clear how this process might occur in a more realistic black hole collapse 
scenario, such as the black hole forming, say, from a charged ball of dust, as opposed 
starting with an eternal black hole: There does not seem to be a consistent Penrose- 
Carter diagram which would correspond to this process. 
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Eq.(41) is the analog of eg . (|38[ ) , and upon simplifications, we obtain the 
corresponding analog of eq.(tlS|), 


—m^ + — Er+ — — Q'^] — uj(uj — 2Er^) 


which we require to be positive. 

Now, the situation is a bit more complicated than in the previous case, 
because we can find some and {E, q, Q, M) corresponding to overcharging 
the black hole such that the RHS of eq.(|4^) is positive. However, the physical 
constraints on namely 0 < w? < unfortunately turn out to be 
inconsistent with these solutions. Although the analytic proof is not as 
apparent as above, numerical calculations indicate that this is indeed the 
case. 

This means that the shell must bounce before reaching the horizon, so 
that it cannot create a naked singularity. We note that in the special case 
of Q = M = 0, (i.e. a charged shell in an otherwise empty spacetime) it is 
now easy to see that the shell cannot implode to form a naked singularity. 
In such case eq.(36) simplihes to 


= 




(43) 


which attains minimum at which point = —1 < 0. 

Therefore, the shell bounces at r-bounce > ''’m > 0, and there is no singularity 
anywhere. 

What conclusions may one draw from this negative result? There is 
an important difference between the shell and the point particle: the shell 
experiences its own self-repulsion, whereas the point particle does not. On 
the other hand, the particle still does experience the “self-field” effects from 
the backreaction, which may prevent it from falling past r+. We found 
that attempting to circumvent these backreaction effects by considering the 
case of exact spherical symmetry unfortunately failed to produce the desired 
effect. 


5 Extensions 

The particular mechanism for possible violation of cosmic censorship dis¬ 
cussed in section ^ was motivated primarily by its algebraic simplicity. How- 
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ever, we can imagine a nnmber of possible generalizations or extensions 
which could also lead to similar results. 

Following up on the lesson learned in the previous section, one would be 
tempted to try to find a “compromise” between the shell and the particle, 
which would have the virtues of both. Namely, one would like to find a 
case in which the backreaction effects would be small enough to preserve the 
outcome of the process, and at the same time, the self-repulsion would not be 
too great to prevent the process from happening in the first place. One might 
hope that such a case could be achieved with a symmetric configuration of N 
particles distributed uniformly around the black hole and infalling according 
to the same equation of motion. The previous two cases we discussed in 
sections ^ and ^ correspond to the special cases of = 1 and —> oo, 
respectively. 

Unfortunately, a definite conclusion about the backreaction effects in 
such set-up has not yet been reached. Nevertheless, it is interesting to 
note some exploratory results of such study. We have considered explicitly 
the cases of N = 2, 4, and 6 particles. To find the electromagnetic force 
that each particle feels, one may use the expression derived by |n] for the 
potential of a point charge in Reissner-Nordstrom spacetime, along with 
the superposition principle. One finds that according to the test process, 
one may still find a finite (though more constrained) range of parameters 
whereby all the particles fall past the horizon and overcharge the black 
hole. In this scenario, one is actually helped by causality: Each particle 
“feels” the other ones as if they were much further away from the black 
hole. Indeed, one may find cases in which each “process” by itself (i.e. 
each particle falling into the black hole in the field of the others) is perfectly 
allowed in all regimes (test as well as macroscopic) since by itself this doesn’t 
overcharge the black hole; only the combined effect of all processes taken 
together leads to overcharging. However, we expect that such configurations 
still do not reduce the backreaction effects sufficiently, though more detailed 
calculations would be needed to verify it. 

One may also imagine a number of generalizations of the single-particle 
case which compensate for (or at least alleviate) the backreaction effects. In 
the preceding treatment, we considered the particle moving in a background 
spacetime with the only forces acting upon it being determined by the back¬ 
ground electrostatic field of the black hole and the self-field of the particle. 
However, one may also consider additional forces acting on the particle. In 
particular, by rescaling everything to a sufficient size, one may imagine that 
the “particle” has a little rocket attached to it, so that it may boost itself at 
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any point of its trajectory. Then the particle could possibly “compensate” 
for the backreaction effects, by boosting itself to the appropriate energy just 
before crossing the horizon, so that it would fall in, while still overcharging 
the black hole. 

Perhaps the most interesting extension of the basic mechanism is to con¬ 
sider angular momentum as well as charge as free parameters. For example, 
we could send the particle(s) toward the horizon spinning, or in a non-radial 
direction, such that it (they) would impart angular momentum to the black 
hole. The corresponding equation of motion would of course be far more 
complicated, but from a physical standpoint, such cases are more realistic 
and perhaps more “promising”, since extremality might possibly be super¬ 
saturated more easily: If the black hole captures the particle(s), both the 
charge and the angular momentum of the black hole would increase. (Again, 
we stress that it is crucial to start with a near extremal black hole.) 

An interesting limit to consider is the completely uncharged case, namely 
throwing a spinning particle into a near extremal Kerr black hole. This case 
has several appealing features. First, we do not have to worry about the 
electromagnetic self-field backreaction effects, which in the original mecha¬ 
nism were the most constraining and nontrivial effects. Second, this would 
present a much more physically realistic case, since we believe that near¬ 
extremal Kerr black holes actually exist in our universe. Finally, the causal 
structure inside the horizon of a Kerr black hole is even more interesting 
than that inside a Reissner-Nordstrom black hole. 

Although we have not examined these latter extensions, which would 
probably be better addressed by means of numerical simulations, it seems 
that they might yield a more definitive answer as to whether cosmic censor¬ 
ship is upheld or not. 

6 Discussion and Conclusions 

We have reexamined the old question of cosmic censorship in the simple con¬ 
text of a charged particle falling into a near extremal Reissner-Nordstrom 
black hole. In particular, we tried to analyse whether a particle which would 
overcharge the black hole could fall past the horizon. As in earlier works 
which considered this type of set-up (i.e. particles supersaturating extremal 
bounds of black holes), such as ,1^, the basic motivation was 

that if the particle is actually captured by the black hole, then it seems 
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that the resulting final configuration cannot sustain an event horizon,^ sug¬ 
gesting that a naked singularity results. This conclusion appears even more 
inescapable if the particle falls all the way into the singularity-!^ 

The simplest way to examine the possibility of supersaturating the ex¬ 
tremal bound of a black hole is to start at extremality and consider strictly 
test processes. Unfortunately, such processes cannot lead to destroying the 
horizon, since the particles which are allowed to fall in would at best main¬ 
tain extremality (|^,|^],[^,||^]). Faced with these results, one is led to start 
with a near extremal black hole. One might then hope that such a set-up 
allows the black hole to “jump over” extremality, by capturing a particle 
with appropriate parameters. 

Perhaps somewhat surprisingly, we found that according to the test par¬ 
ticle approximation, this can be indeed achieved. Namely, a broad range 
of configurations can be found in which, according to the test equation of 
motion, the particle falls into the singularity and the resulting object ex¬ 
ceeds the extremal bound. This result, which seems to have been previously 
overlooked, is important in the context of these earlier attempts to violate 
cosmic censorship. 

However, we now have to contend with backreaction. The natural ques¬ 
tion then arises, “how good is the test approximation in this context?” We 
have seen that this issue is somewhat subtle, and in fact it is not yet fully re¬ 
solved. In particular, the backreaction effects may be kept arbitrarily small 
as compared to the leading order effects, but this does not suffice. Indeed, 
we have seen from our numerical example that the particle may lose enough 
energy due to the backreaction effects that it bounces back to infinity instead 
of being captured by the black hole. 

Although we have not found good examples in which the particle falls 
past the horizon even when the first-order effects of the backreaction are 
taken into account, we have not found a solid indication to the contrary. 
Furthermore, it is not clear that the situation described by our example 
is in fact generic in terms of the outcome. Also, the possible extensions 
mentioned in the previous section, which may lead to the particle falling 
past the horizon after all, have not been analysed. 

On the other hand, even if the particle is “captured” by the black hole, 
the resulting implications for cosmic censorship are no longer as clear as 

® Technically, in such a situation, there never existed an event horizon, but only the 
apparent horizon. 

Then one doesn’t need to worry about the scenario where the particle reemerges, 
possibly leaving behind a near extremal black hole again. 
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in the test case. We have seen that the backreaction effects are important 
already before the particle crosses the horizon; they would become dominant 
after. This means that inside the horizon, we definitely can not trust the 
test particle equation of motion. It way well happen that the self-field 
effects will cause the particle to “bounce” at some radius tq < r+, or even 
that the language we have been using to describe the situation is no longer 
appropriate. In the former case, the particle reemerges (possibly into the 
same asymptotically fiat region it started from, since there can not have 
been any horizon “above” the particle), and the inner singularity may never 
become visible to the outside observer. 

Given all these considerations, we are led to conclude that even in the 
case of a single particle falling into a black hole, a more detailed analysis 
will be needed to settle the issue of whether or not the cosmic censorship 
prevails. 
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